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NOMENCLATURE
a, gain term of the collision integral;
(@ — Bf), collision integral;
bf, loss term of the collision integral;
d, distance between the parallel plates;
fs molecular velocity distribution function;
k, Boltzmann constant;
Kn, Knudsen number, equation (1);
m, molecular mass;
My, gradient parameter, equation (2);
n, number density;
ny, twice the number density of the molecules
reflected from the cold wall;
#, dimensionless number density, (n/n, — T,/T,)/
(1 - T/T);
4, heat flux;
T, temperature;
X, x coordinate;
o, thermal accommodation coefficient =
(T; - AT, — T.);
T, integration variable, equation (4).
Subscripts
1, at cold plate;
2, at hot plate;
i, incident molecules;
r, reflected molecules;
w, plate;
X, x-coordinate;
L, at right angle to x.
Superscripts

), (bar) average quantity.
Symbols set in bold type are vector quantities.

IN aNY flow region having large property gradients, the gas
is far from thermal equilibrium. The gas in such a flow
region can be described by the Boltzmann equation, the

basic equation of kinetic theory. The major difficuity in
solving the nonlinear Boltzmann equation is the intractable
form of the collision integral in it. The collision integral
represents the rate of change of velocity distribution due
to intermolecular collisions. It is directly related to the local
departure from thermal equilibrium, and its evaluation is
essential in studying non-equilibrium phenomena in rare-
fied gases as well as in solving the nonlinear Boltzmann
equation.

Nordsieck’s Monte Carlo method of evaluating the
Boltzmann collision integral [1] has been used to solve the
non-linear Boltzmann equation for the heat transfer problem
between two plates at different temperatures [2]. A small
part of the results of the problems of heat transfer in rarefied
gases was presented at the Sixth and Seventh International
Symposiums on Rarefied Gas Dynamics [2, 3] We shall
describe in this paper the application of Nordsieck’s
method to these problems and some typical resulis.

Solutions have been obtained for these problems by
solving the Krook equation [4], by solving the Boltzmann
transport equations [5,6], or by using the Monte Carlo
simulation technique [5-7]. We have compared the Boltz-
mann solutions with two of these solutions that we repro-
duced and with an experiment [§].

We consider the problem of heat transfer between
parallel plates having two different temperatures, T, and
T, (T, > T;), and at distance d apart. The physical system
is characterized by two parameters: a length parameter Kn
and a gradient parameter, M, related to the departure from
thermal equilibrium:

4
Kn = J[(2kT,)/m}/{b,, dx 8
0
in which b,, = average local equilibrium collision frequency.

My = [T, — TOAT; + T,)] Kn. @

The parameter Kn may be interpreted as the reciprocal of
the number of mean free paths between the two plates and
the parameter My as the gradient in each mean free path.
In order to study the detailed non-equilibrium gas behavior
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Fra. 1. Velocity space for axially symmetrical molecular

flows. v, = velocity in x-direction, v, = velocily at right

angle to x. Subscript m denotes maching unit used in the
computer program.
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F1G. 2. Schematic representation, in velocity space, of two
groups of molecules that move in opposite directions,
Arrows represent the dirgetion of motion and of integration.
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of the heat transfer problem, solutions should be obtained
for a large range of both parameters. Let us consider, for
example, cases with the same M, but different values of
Ku, ie. the temperature gradient per mean free path is the
same but the number of mean free paths between the 1w
plates differs. The behavior of the gas in a mean free path
is expected to change with the Knudsen number and it is
of interest to study the difference in this behavior for
different values of Kn. Also, it is quite clear that the linearized
solations which have been obtained Jor small temperaturs
differences yield results only for a narrow range of non-
equilibrium conditions.

The Boitzmann equation for one-dimensional flows may
be written as

v ldf/dx} = (a — bf) {31

in which § = f{o, x) = velocity distribution function and
{a ~ Bf} = collision integral afp x), the gain term in the
collision integral; is the rate of scattering of molecules in do
of velocity space. b{p, x) f{v, x), the loss term, is the rate of
scattering of molecules out of dv of velocity space.

The direct evaluation of the thousands of collision
integrals needed, each one of which is a nonlinear, five
dimensional integral, would require months on the fastest
present-day computer. Nordsieck [1] devised a statistical
sampling technique closely resembiing the real statistical
collision phenomena in the gas. With his method, the com-
putation time of the integrals is reduced to the order of an
hour, with accuracy of the order of one per cent.

The molecular flow in the heat transfer problem i
axially symmetrical, that is, the velocity distribution function
= f{z,,0,} v, = velocity in the direction at right anglk
to x, The velocity space considered is therefore two-dimen-
sional, As shown in Fig. 1, the velocity space in Nordsieck’s
method is quantized by covering the semi-circular region
with 226 fixed cells. The Monte Carlo calculations produce
226 valnes of each of the functions “4" and bf for each
iteration for a given set of fiv, v}

in our ierative scheme for integrating the Bolizmann
equation we replace the position variable x by © with

(dr/dx) = Kn(/2//m)nT? {4)

in which n = local number density and T = local tempera-
ture.

The boundary condition used corresponds 1o isotropic
emission with either complete or incomplete energy accom-
modation. The accommodation coefficient « is defined as
follows.

%= (T, = TUTE = T,) (3)

in which 7; and 7, are the temperatures of the incident and
reflected molecules respectively and T, = plate temperature,

In order to explain the numerical method, it is convenient
to show schematically in Fig. 2 the velocity space at three



SHORTER COMMUNICATIONS

t-positions. Each semi-circular region has two quadrants.
The quadrant with v, > Ois for the molecules moving toward
the hot plate and that with v, < 0, for the molecules moving
toward the cold plate. There are 113 velocity points in each
quadrant. One Boltzmann equation is associated with each
velocity point. The integration of 113 Boltzmann equations
of the right-moving molecules is from t = 0 to t = 1, while,
for the left-moving molecules, the integration of the 113
Boltzmann equations starts from 7 = 1. The form of the
distribution function at each starting position is determined
by the boundary conditions at each plate and is thus known;
however, the density is unknown. The distribution function
at the terminating position is also unknown. The integration
scheme of the 226 Boltzmann equations is also divided .into
two parts for the two groups of molecules. The computation
scheme was designed according to the following conditions
peculiar to the heat transfer problem:

(1) The boundary conditions at t =0 and 7 =1 are
half-range Maxwellians with 7} and T, equal to either
the wall temperatures or a fraction of them (for
o < 1). The ratio n,/n, is unknown. n; and n, are twice
the number density of reflected molecules at the cold
plate and the hot plate respectively.

(2) There is no mass motion of the molecules.

The iterative procedure consists of the following steps:

Step 1—Divide the variable 7 into J intervals.

Step 2—Assume initial distribution function f = f°(@v,1).

Step 3—Evaluate the collision integral for this f at each 1.

Step 4—Integrate the resulting differential equation for each
of the 226 velocity vins to get f(», 7). The integra-
tion of the 113 Boltzmann equations in the right
quadrant is from O to 1, and in the left quadrant,
from 1 to O.

Step 5—The half range moments of f!(v, 1) (ie. at the hot
plate) are computed and the values of f!(v, 1) at
the left quadrant (i.e. for v, < 0) adjusted to insure
zero mean flow of the gas.

Step 6-—Repeat steps (3), (4) and (5) to perform successive
iterations.

We use the rms difference of successive iterates to measure
the residual 9f and to monitor the convergence of the
iterative process.

As indicated above, our method of solving the Boltzmann
equation consists of two parts: evaluating the collision
integrals by a Monte Carlo method and integrating the
Boltzmann equation. These two parts are carried out
separately in two computer programs. We also have a
subprogram for evaluating the Krook model of the collision
integral and incorporated it in the pfdgram so that we may
use it in place of the Monte Carlo program to solve the
Krook equation. In essence, therefore, we tackle the Krook
equation by using the same iterative scheme we designed
for solving the Boltzmann equation. Since any systematic
error due to integration for the solutions of the two equations
is comparable, it would be more meaningful to make com-
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parative studies. It should be pointed out here that it is
difficult to make compatible comparison with other solu-
tions obtained by other researchers who used different
definitions of Kn.

We have used Lavin’s scheme to obtain 4-moment
solutions of the Boltzmann transport equations; however,
his scheme had to be modified slightly due to the difference
in the definition of Kn used.

Boltzmann solutions have been obtained for the case of
complete energy accommodation (¢ = 1) for the following
ranges of parameters: (1) K,: 0-1-100, (2) M: 0-03529-35-29,
(3)T,/T,: 0-1-09.

Nine stations dividing the variable 7 were generally used;
however, in order to get more detailed information in the
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F1G. 3. Comparison of the results on heat flux.

Knudsen layer, fifteen stations were selected for solutions of
less Kn. Monte Carlo samples of 2! collisions were used.
Four independent runs were made to obtain the statistical
errors.

Figure 3 shows the heat flux as a function of Kn for
T,/T, = 0-7. In the transition regime, the Monte Carlo
values are slightly smaller than the 4-moment values but
appreciably larger than the Krook values. Similar differences
were found for other values of 7,/T, and for the normal
stress in x-direction.

The temperature and density profiles for two values of
Kn (10 and 0-5) and T,/T, = 0-7 are compared with the
corresponding results of the Krook solution and the 4-
moment solution. As shown in Figs. 4 and 5 there are
appreciable differences between the Monte Carlo results
and the other two calculations. The most significant
difference is that, for the case of Kn = 0-5, both temperature
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and density profiles obtained from the Monte Carlo
solutions exhibit nonlinearities near each boundary (much
more near the hot boundary) and thus show the presence
of the Knudsen layer. The corresponding profiles obtained
from the 4-moment and Krook solutions are practically
linear.
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FIG. 4. The temperature as a function of distance variable z.
Kn = 10 and 0-5. T}/T, = 0-7.

Calculations of the functionals of the collision integral
make it possible to study in detail the local departure from
equilibrium. For example, we have found that several
moments of the collision integral exhibit sharper forms of
nonequilibrium behavior in the Knudsen layer than either
the temperature or the density profile [2].
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variable 7. Kn = 10 and 0:5. T}/7, = 0-7.

We have compared the density profiles with those deter-
mined in an experiment [8] for the following cases: Kn =
06313, 0-2493 and 0-0548; T, /T, = 0-783; « = 0-826. Figure
6 illustrates the result for Kn = 02493. This agreement is
an indication that we are able to make accurate calculations
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under near-equilibrium as well as far-from-equilibrium

conditions.
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F1G. 6. Comparison of a density profile with that determined

in an experiment.
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NOMENCLATURE
fiber cross-sectional area [cm?];
final fiber cross-sectional area [cm?];
tungsten wire cross-sectional area [cm?];
mass diffusivity [cm? min~'];
.  average diameter of the deposit {cm];
»  diameter of the deposit [cm];

@

H

DO AAR

D,.,  diameter of the tungsten wire [em];

£, a function defined by equation (10) [cm~1];
g, gravitational constant [cm min~2];

h, thickness of a fiber slice [cm];

k.,  rate constant [g moles cm~? min~! in.%246];
E,  liquid evaporation rate [cm min~'];

M,, molecular weight of SiC;



